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Boundary Estimates 
in Elliptic Homogenization 

Zhongwei Shen* 


Abstract 

For a family of systems of linear elasticity with rapidly oscillating periodic co¬ 
efficients, we establish sharp boundary estimates with either Dirichlet or Neumann 
conditions, uniform down to the microscopic scale, without smoothness assumptions 
on the coefficients. Under additional smoothness conditions, these estimates, com¬ 
bined with the corresponding local estimates, lead to the full Rellich type estimates 
in Lipschitz domains and Lipschitz estimates in (7^’“ domains. The (7“, and 

LP estimates in domains for systems with VMO coefficients are also studied. 
The approach is based on certain estimates on convergence rates. As a bi-product, 
we obtain sharp 0{e) error estimates in L^{Vl) for q = and a Lipschitz domain 
n, with no smoothness assumption on the coefficients. 
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1 Introduction 


The purpose of this paper is to establish sharp boundary estimates with either Dirichlet 
or Neumann conditions, uniform down to the microscopic scale, for a family of second- 
order elliptic systems in divergence form with rapidly oscillating coefficients, without any 
smoothness assumption on the coefficients. Under additional smoothness conditions, these 
estimates, combined with the corresponding local estimates, lead to the full Rellich type 
estimates in Lipschitz domains and Lipschitz estimates in domains. The C“, 
and estimates in domains for systems with VMO coefficients are also investigated. 
To fix the idea we shall consider the systems of linear elasticity with periodic coefficients 
in this paper. We mention that the same results, without the complications introduced 
by rigid displacements, hold for general second-order elliptic systems with periodic co¬ 
efficients satisfying the stronger ellipticity condition fll.lip (the symmetry condition is 
also needed for Rellich estimates in Lipschitz domains). We further point out that al¬ 
though we restrict ourself to the periodic case, our approach, which is based on certain 
estimates on convergence rates in and extends to non-periodic settings, provided 
that the interior correctors or approximate correctors satisfy certain conditions. The 
compactness methods, which were introduced to the study of homogenization in [S] and 
have played an important role in establishing regularity results in the periodic setting (see 
e.g. [3161 EH [31]), are not used in this paper. As a bi-product of our new approach, we 
also obtain sharp 0{e) error estimates in L'^(f2) for q = and a Lipschitz domain 
with no smoothness assumption on the coefficients. 

More precisely, consider the systems of linear elasticity 


= —div {A{x/e)V) 


A 

dxi 



d 

dxj 


e > 0. 


( 1 . 1 ) 


We will assume that A{y) = with 1 < < d is real and satisfies the 

elasticity condition 

%%) = «?“(») = ,1 2 , 
-tikp < < K2i?r 

for y E and for symmetric matrix ^ = (,^“) G where Ki,K 2 > 0 (the summation 

convention is used throughout the paper). We will also assume that A{y) is 1-periodic; 

i.e., 

A{y + z) = A{y) for y and z G (1.3) 


Theorem 1.1. Suppose that A satisfies conditions Let fl be a bounded Lips¬ 

chitz domain in M'^. Let E iL^(f2;M'^) be the weak solution to the Dirichlet problem: 


Cfiufi) = F in fl and = f on dfl, 


(1.4) 
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where F G Lp{Q] M'^) for p = and f G M'^). Then, for e <r < diara{Vt), 

<c{||F||„,n, + ||/||H.(an,}, (1.5) 

where = {x G : dist{x,dVL) < r}. The constant C depends only on d, ki, k, 2 , and 
the Lipchitz character ofQ. 

Let TZ denote the space of rigid displacements, 

7^ = |Mx + q: = -M e and q G (1.6) 


where (Mx)“ = Mfxi and denotes the transpose of matrix M. By u TIZ we mean 
u T Tl va i.e., J^u ■ (p = 0 ioi any 0 G 7?.. We will nse to denote the 

conormal derivative of associated with 


Theorem 1.2. Suppose that A and fl satisfy the same conditions as in Theorem M . A Let 
Ue G be a weak solution to the Neumann problem: 

du 

Ce{ue) = F in fl and = g on dfl, (1.7) 

where F G L^(12;R‘^) forp = g G L‘^{dQ]W^) and J^F + fg^g = 0. Also assume 

that Ue FTZ. Then, for e < r < diam{fl), 

r 1 /* '1 

|rJ + (!■**) 

where C depends only on d, ki, K 2 , and the Lipschitz character offl. 


Estimates (II.dh and (II.Sh . which are scaling-invariant, may be regarded as the Rellich 
estimates, nniform down to the scale e, in Lipschitz domains for the elasticity operators 
Indeed, if the coefficient matrix A is constant, then fll.Sp and fll.Sp hold for any 
0 < r < diam(12). Snppose that F = 0. By letting r —)■ 0, one recovers the fnll Rellich 
estimates in Lipschitz domains, 

II V'U£||L2(gf7) < C ll-Uell/^pao) and II^w||l2(90) < C" (1-9) 

which were proved in [151112] for second-order elliptic systems with constant coefficients, 
using integration by parts (see 1271 for references on related work on boundary value 
problems in Lipschitz domains). We should note that our proof of Theorems 11.11 and 11.21 
uses the nontangential maximal function estimates in [12]. On the other hand, under 
certain smoothness conditions on A, the Rellich estimates hold for the operator Ci on 
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Lipschitz domains with diam(f2) < 1. By a blow-up argument as well as some localization 
procedures, this implies that 

II VMe||L2(gf^) < C* I II VtanM£||L2(ao) + £ ^^^|| |, 

r du 1 

W'^UeWL^dn) < C'{||^|L2(gn) ^'^^||VM£||L2(n,)|, 

where Vtan^e denotes the tangential derivative of on dfl. We emphasize that the 
estimates fll.lOp are local and structure conditions such as periodicity are not needed. 
However, with the additional periodicity condition, one may combine the local estimates 
(11.101) with the estimates in Theorems II.II and II. 21 to obtain the full Rellich estimate (II. 9h . 
uniform in e, for operators Ce (see Remark 13.11) . Thus we have been able to completely 
separate the large-scale regularity due to homogenization from the small-scale regularity 
due to smoothness of the coefficients. 

Under the periodicity condition and the Holder continuity condition on A, the uniform 
Rellich estimates 01.91) were proved in [ 321133 ] for a family of elliptic operators {C^}, where 
Ce = —div(y4(a;/e)V) and H(j/) = with 1 < i,j < d and 1 < a, [3 < m satishes 

the ellipticity condition 

< -|?P (1.11) 

h 

for y E and ^ = (^") G as well as the symmetry condition A* = A, i.e., 

a^f = a^f. The results were used to establish the uniform solvability of the Dirichlet, 
regularity, and Neumann problems for the system Cs{us) = 0 in Lipschitz domains. It 
worths pointing out that the Rellich estimates fll.9p are not accessible by compactness 
methods. One of the key steps in [ 321133 ] uses integration by parts and relies on the 
observation that Ci{Q) = Q{Ci), where 

Q{u){x',Xd) = u{x',Xd + 1 ) - u{x',Xd). 


As a result, the approach does not seem to apply if the coefficients are not periodic. We 
mention that even with periodic coefficients, the direct extension of the methods used in 
[32l [33] is problematic for systems of elasticity, due to the weaker ellipticity condition and 
the lack of (uniform) Korn inequalities on boundary layers. 

In this paper we develop a new approach to uniform boundary regularity in quantita¬ 
tive homogenization of elliptic equations and systems. Let Uq denote the solution of the 
boundary value problem for the homogenized system with the same data. The basic idea 
is to consider the function 



( 1 . 12 ) 


in where y = {Xj) denotes the matrix of correctors, is a smoothing operator at 
scale e, and ^ C'^(f2) is a cut-off function with support in {a: G : dist(a:, dQ) > 3e}. 
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Using energy estimates for the operator as well as sharp boundary regularity estimates 
for mq, we are able to bound 

by the r.h.s. of estimates fll.Sp and fll.81) . respectively. This, together with sharp estimates 
for uq, yields the desired estimates for 

for e < r < diam(f2). We mention that since Cq has constant coefficients, the sharp 
boundary estimates in Lipschitz domains in terms of nontangential maximal functions 
are known [151 [ig. Also, because of the use of the smoothing operator K^, which is 
motivated by the work [3HI112] (also see [231 EZl [2Sl SSj), we only need to assume that 

sup/ (|x( 2 /)P + |Vx(i/)p) d|/< cx), 

and that a similar estimate holds for a dual corrector 0 = (see fl2.5l) for its def¬ 

inition). As such, it is possible to extend the approach to the almost-periodic or other 
non-periodic settings. We plan to carry out this study in a separate work. 

As we mentioned before, the estimates in Theorems 11.11 and 11.21 may be used to es¬ 
tablish uniform solvability of boundary value problems for Ce in Lipschitz domains 
[321 [331 ETj. They also can be used to obtain sharp 0{e) error estimates in for 

q = and a Lipschitz domain fl, with no smoothness assumption on the coefficients. 

Theorem 1.3. Suppose that A and 12 satisfy the same conditions as in Theorem, \1.1\ 
Let Ue be a weak solution to o or ra, and Uq the weak solution of the homogenized 
system with the same data. Suppose that uq G iL^(12;R‘^). In the case of the Neumann 
problem ( |i. ?| ) we further assume that u^^Uq T IZ. Then 

llw — MoIIl'i(q) < C£||Mo||ir2(f7), (1-13) 

where q = p' = and C depends only on d, Ki, K 2 , and 12 . 

We remark that if 12 is and Mg = 0 or ^ = 0 on 512, the 0{e) estimate 

llw — mo||l2(o) < C^||-f'||L2(o) (1-14) 

was proved in [321 Il3| for a broader class of elliptic operators with measurable periodic 
coefficients, which contains the systems of elasticity considered here (also see [231 [33 EHl 
and their references for related work on convergence rates). Note that q = > 2 

and ||mo||m2(o) < C \\F\\l 2 (^^), if 12 is £o(uo) = F in 12 with mq = 0 or = 0 on 512. 
Thus our estimate fll.l3p is stronger than fll.141) . In the case of scalar elliptic equations 
with Dirichlet condition Mg = 0 on 512, it is known that ||Mg — mo||l9(o) < Ce\\F\\LP(^n), 
where 1 < p < d and ^ ^ — 2 (®^® ESI p.l234]). However, Theorem II.31 seems to be the 
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first result on the sharp 0(e) estimate of — Uq in L^(VL) with q> 2 for elliptic systems 
with bounded measurable periodic coefficients. 

As we indicated above, the proof of Theorems 11.11 and 11.21 only uses the energy esti¬ 
mates in for and thus requires no smoothness assumptions on the coefficients. In 
the second part of this paper we apply the similar ideas in the setting for 1 < p < oo. 
To do this we hrst establish the estimates for the systems 


Ci;(ue) = div(h) in hi, (1-15) 

where h = (hf) G L^(r2; with either the Dirichlet or Neumann boundary conditions, 

under the additional assumptions that hi is and A = A(y) belongs to VMO{W^). As 
a result, the analogues of estimates fll.51) and fll.81) are proved under these additional 
conditions, which are more or less sharp. Consequently, by combining the estimates 
on the boundary layer with local estimates for Ci, which hold for Holder continuous 
coefficients, we may obtain the uniform Rellich estimates in for solutions of C^(ui;) = 0 
in domains under the assumptions that A is Holder continuous and satisfies fll.21) - 
fll.dp . By the method of layer potentials, this will lead to the uniform solvability of the 
U’ Dirichlet, regularity, and Neumann problems in domains (details will be provided 
in a separate work). Previously, these results in U’ are known only in domains for 
operators with Holder continuous coefficients satisfying fll.lll) and A* = A |29]. We 
remark that the estimates (local or global) for operators with nonsmooth coefficients 
in nonsmooth domains are of interest in their own rights and have been studied extensively 
in recent years (see IIIlllSlElEHlElEaDroiSIlElEniDLSICBI and their references). Our 
approach to the estimates is based on a real-variable argument, which originated in 
m and further developed in [l5l [39l HU] . The required (weak) reverse Holder estimates 
at the boundary are proved by combining the interior Lipschitz estimates down to the 
scale £ with boundary C°‘ estimates. 

In the third part of this paper we will study the boundary Lipschitz estimates, uni¬ 
form down to the scale e, for solutions in C^’°‘ domains with the Dirichlet or Neumann 
conditions. Let 


Dr = ly(x',Xd) G : \x'\ < r and ^jJ(x') < Xd < ip(x') -|-r|, 

Ar = |(x',Xd) G : \x'\ < r and Xd = t/’(a;')|. 


(1.16) 


where -0 : ^ M is a function for some a > 0 with ■ 0 ( 0 ) = 0 and || V' 0 |l( 7 a(iRd-i) < 

M. 


Theorem 1.4. Suppose that A satisfies conditions / Ii.^) -/ I773l) . Let Ue G H^(Di]Mfi) he a 
weak solution to 

Cfiufi) = F in Di and u^ = f on Ai. (1-17) 

Then, for e < r < 1, 



+ ll/||ci’‘"(Ai) + \\F\\lp{Di) 




(1.18) 
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where p > d and a G (0, a). The constant C depends only on d, Ki, K 2 , p, a, and {a, M). 

Theorem 1.5. Suppose that A satisfies Let G be a weak 

solution to 

Cfiufi) = F in Di and 

Then, for e < r < 1, 


due 


= g on Ai. 


(1.19) 



C^(Ai) + III^IIlpIDi) 


( 1 . 20 ) 


where p > d and a G (0, a). The constant C depends only on d, ni, H 2 , p, a, and {a, M). 


As in the case of Rellich estimates, under additional smoothness conditions on A, using 
local Lipschitz estimates for £i and a blow-up argument, one may derive from Theorems 
11.41 and 11.51 the full boundary Lipschitz estimates 




{(£. 


1/2 


Ue\ 1 + ||/|lc'i.'"(Ai) + \\F\\lp(Di) 


for solutions of fll.171) . and 

||VMe||L°o(Di/2) - I ( 


Di 


1/2 


■^el + ll5'l|c‘"(Ai) + ||.F||lp(Di) 


( 1 . 21 ) 


( 1 . 22 ) 


for solutions of fll.lQp . We remark that for elliptic systems satisfying the ellipticity con¬ 
dition fll.lip . the periodicity condition fll.Sp and the Holder continuity condition, the 
estimate fll.211) was proved in [5] , while fll.22p was established in [29] under the additional 
symmetry condition A* = A. This symmetry condition was removed recently in [5| 

Our proof of Theorems 11.41 and 11.51 also uses the function w^, given by fll.121) . As 
a consequence of its estimates in for each r G (e, 1/4), we are able to construct a 

function v such that £o('f^) = F m with the same (Dirichlet or Neumann) data on A,, 

as Ue, and 



<0 - 


1/2 
r / 



1/2 


-|- terms involving given data 


This allows us to use a general scheme for establishing Lipschitz estimates down to the 
scale e, which was formulated recently in [I] and used for interior estimates in stochastic 
homogenization with random coefficients (also see |2l |1] as well as related work in |2II 
mmm)- Our argument is similar to (and somewhat simpler than) that in [3], where 
the scheme was adapted to prove the full boundary Lipschitz estimates for second-order 
elliptic systems with almost-periodic and Holder continuous coefficients. As indicated 
earlier, we have been able to completely avoid the use of compactness methods (even in 
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the case of C" estimates). Although it is possible to prove the interior Lipschitz estimates 
as well as the boundary C" estimates, down to the scale e without smoothness, by the 
compactness methods, as demonstrated in [5l [2l] , the compactness methods for boundary 
Lipschitz estimates require the same estimates for boundary correctors, which are not 
easy to establish [3129]. 

The paper is organized as follows. In Section 2 we establish some key convergence 
results in H^. These results are used in Section 3 to prove Theorems 11.11 and 11.21 In 
Section 4 we study the convergence rates in for q = and give the proof of Theorem 
11.31 which uses the estimates in Theorems 11.11 and 11.21 as well as a duality argument. 
In Sections 5 and 6 we obtain the boundary C°‘ and estimates, respectively, in 
domains for operators with VMO coefficients. These estimates are used in Section 7 to 
establish the analogues of (11.51) and (11.81) in domains. Finally, Theorem 11.41 is 
proved in Section 8, and Section 9 contains the proof of Theorem 11.51 

Throughout the paper we use fo denote the average of u over the set 

E. We will use C and c to denote constants that may depend on d, ki, K 2 , A and but 
never on £. 

Acknowledgement. The author thanks Carlos E. Kenig for several very helpful discus¬ 
sions regarding this work. The author also would like to thank Scott N. Armstrong for 
insightful conversations and discussions regarding the work |1]. 

2 Convergence rates in 

In this section we establish certain results on convergence rates in which will play 
a crucial role in the proof of our main results. Throughout the section we assume that 
A = A{y) satishes fll.2Ifll.3p and is a bounded Lipschitz domain in R'^. 

Let X = {xj{y)) = {xj^{y)) denote the matrix of correctors for C^, where 1 < j, a, (3 < 
d. This means that Xj ^ is 1-periodic, fyXj = 0) and 

C,{x^) = inR^ (2.1) 

where Y = [0,1)“^ and = j/j(0,..., 1,..., 0) with 1 in the (3^^ position. The homoge¬ 
nized operator is given by Cq = —div(AV), where A = (^f) is the matrix of effective 
coefficients with 

= + ( 2 . 2 ) 

It is known that the constant matrix A satishes the elasticity condition fll.2p [361 [26] . 
Dehne 

6yM = a“« + a-A(xf)-a"". (2.3) 

By the dehnition of A and (12.Ih . 
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0 . 


(2.4) 

























(2.5) 


It follows that there exist 0^^^- G such that is 1-periodic, 

^ and 

(see e.g. [26l|28]). 

Fix Lp G 1/4)) such that > 0 and cp = 1. Define 

Ke{f){x) = f * p>e{x) = [ f{x-y)p>,{y)dy, ( 2 . 6 ) 

where (pe{y) = e~'^ip{y/e). 

Lemma 2.1. Let f G L^(M‘^) for some 1 < p < oo. Then for any g G 

\\g{x/e)K,{f)\\Lp^^d) <C sup f-f ||/||LP(R<i), (2.7) 

xGR'^ \J / 

where C depends only on d. 

Proof. By Holder’s inequality, 

\Ke{f){x)f < [ \f{y)fXBix,s}iy)dy, 

from which the estimate fl2.7l) follows readily by Fubini’s Theorem. 

It follows from (12.7p that ii g E LfQ^(M'’*) and is 1-periodic, then 

\\g{x/e)K,{f)\\LP(M.<i) < C\\g\\LP(Y)\\f\\LP{m'i)- 
Lemma 2.2. Let f G hF^’^(M‘’*) for some 1 < q < oo. Then 

\\Keif)-f\\LHR^)<Ce\\Vf\\L,^^dy 

Moreover, if p = 

l|-^£(/)llL2(Rd) <Ce ^^^||/||LP(Rd), 

||/-77,(/)|U2(r.)<C£V2||v/||^,(^,). 

The constant C depends only on d. 

Proof. To see (12.91) . we note that 

ll/(- -y) - /(•)IU'j(R‘i) < \y\ IIv/||L9(R‘i) 


□ 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
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for any y G Thus, by Minkowski’s inequality, 


KeU) - f\\L^{M.d) < f ^e{y)\\fi--y)- f{-)\\L<i(Rd)dy 
jR<i 

< / ^eiy)\y\dy\\Vf\\L,(^d) 

jR‘i 

= Ce\\Vfh,^^.y 


Next, by Parseval’s Theorem and Holder’s inequality, 

[ \K,if)\^dx= [ \m)\Vm"d^ 

JRd J]Rd 

— ^ ^ ll/llLP(Rrf)) 

where / denotes the Fourier transform of /, and we have used the Hausdorff-Young 
inequality ||/||ip'(Rd) < ||/||lp(R'')- This gives the hrst inequality in fl2.10p . To see the 
second inequality, we note that (,3(0) = tp = 1. It follows that 

11/ - /^.(/)|U2(Rd) \m) - di^ ||V/|Lpq«d) 

< C£‘'"I|V/|| LP(Rrf)5 

where we have used |(/(/) — /(0)| < (71/1 for the last step. □ 

Lemma 2.3. Let u^,uo G Suppose that C^iue) = /1o(mo) in Ll and either 



where ^ ^nd suppir}^) C {x G H : dist{x,dfl) > Se}. Then 


>n 


A{x/e)Vwe ■ Vwsdx = j A — A{x/e) Vuq — K^[{'Vuo)pe) -Vw^dx 

- f B{x/e)Kl[{VuQ)p^)-Vwedx 

Jn 

-e / A{x/e)x{x/e)VK^{{Vuo)ps) ■'^Wsdx, 


( 2 . 11 ) 


where B{y) = {b'^f{y)) is defined in ^2.3\) . 
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Proof. We first note that if Mg = Uq on dQ, then G as K‘^[{'Vuo)r]^) e 

C^(r2). Since Ce^u^) = Co{uo) in fl, it follows that 


A{x/e)Vue-Vw^dx = / AVuq-V w^dx. 


( 2 . 12 ) 


In the case of the Nenmann condition ^ on dVl, the eqnation fl2.12p continnes to 

hold. This is becanse G M'^) and both sides of fl2.12p eqnal to 

Using fl2.12p . we obtain 

/ A{x/e)Vw^ ■ Vw^dx = / A — A{x/e) 


m 


Vmq ■ VtCg dx 

I A{x/e)Vx{x/e)K‘^{{Vuo)r]e)-Vw^dx 
Jn 

e / A{x/e)x{x/e)VK^{{Vuo)r]e)-Vwsdx, 


from which the formal 02.1111 follows by the dehnition of B{y). 
Lemma 2.4. Let (j){y) = {(pkijiv)) defined by ^2.5\] . Then 


□ 


B{x/e)Kl{{yuQ)yf) ■Vwedx = -e / f>%[xle) 


dw° d 


- K"^. 

dxi dxk ^ \dx, 


du 


7]^ dx. (2.13) 


Proof. Using 02.Sp . we see that 

/ f^l \ 

B(x/£)Al((Vti„).,4 . Vw. = 6 "»(x/£)A';(^,.) . 

d 


dwl 

dxi 


= £ 


dxk 

d 


(<(x/.))A'j(|^,fe) 


dwf 


dxi 




from which the eqnation 02.13I1 follows readily. 


□ 


Lemma 2.5. Let {e >0) he a solution to the Dirichlet problem ^1.4\ ) or the Neumann 
problem O- Let We he defined as in Lemma l27^ with rj^ satisfying 


Peec^in), 0<P<1, 

supp{r}e) C {x G fl : dist{x,dfl) > de}, 

Pe = ^ on |a: G fl : dist{x, dLl) > 4ej, 

\Vpe\<Ce-\ 


(2.14) 
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Then 


A{x/e)VWe ■ VWedx 


< 


C ||Vw;,|U2(f,)|||VMo|U2(Q4.) + II(Vmo)^. - M{Vuo)ve)\\LHn) (2-15) 

Proof. It follows from Lemmas 12.31 and 12.41 by the Cauchy inequality that 
A{x/e)Vw,-Vw, dx 

'i 

C||V!»,||i,.(n){l|V«„ - +e||x(x/£)V/f?((V«„)'i,J|U.,„, 

+ £||^(x/£)VA-y(Vt.„)i,,)|U.(n,} 

C||V!05||t2(n)|||V!io - jy((V!io)>),)l|y(n) +‘;||V/sr4(^“o)’)«)lli’(n)}i 

where we have used Lemma [2.11 as well as the fact that y, 0 G and are 1-periodic 

for the last inequality. Finally, we observe that 

||Vmo - Kl{{Vuo)rif)\\L 2 (^n) < ||(Vno)(l - ?7 £)||l2(o) + ||(VMo)he - K^{{Vuo)r]e)\\L^n) 

+ \\Ke({Vuo)% - Ke{{Vuo)rie))\\L 2 {n) 


< 


< 


< ||VMo|U 2 ( 04 d + C \\{Vuo)r]e - Ke{{Vuo)r]e)\\L^n)- 
This completes the proof. □ 

Finally, we are in a position to state and prove the main results of this section. 
Theorem 2.6. Suppose that A{y)satisfies / li.gl) - FOI) . Let PL be a hounded Lipschitz do¬ 


main. Let Ue (e > 0) he the solutions to the Dirichlet problem jl.fD in with f G 
and F G where p = Then 

\\ue - Mo - < Ce^^^f^\\f\\mian) + ||i^lUp(o)}, (2.16) 


where ps ^ satisfies l\2.14\ ). The constant C depends only on d, ki, k, 2 , and the 

Lipschitz character of PL. 

Proof. Let denote the function in the l.h.s. of fl2.16p . Since G Hq{PL;M.‘^), it follows 
from (I2.15h by the hrst Korn inequality that 


(2.17) 


^ C'|l|VMo||L2(04e) + \\i^Uo)Ve - K,{{VUo)p,)\\L2(n) 
+ ^||-^£((V^Mo)h£) l|L2(f2)|. 
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To bound the r.h.s. of fl2.17p . we write Uq = v + h, where 


v(x) = / Foix -y)F(y)dy 


and ro(a;) denotes the matrix of fundamental solutions for the homogenized operator £o 
in with pole at the origin. Note that £o(v) = F in Q, and by the well known singular 
integral and fractional integral estimates, 


II V^n||LP(]Rd) + ||Vn||£p'(Rd) < Cp ||F||lp(o), ( 2 . 18 ) 

where we have used the observation ^ ^ Let e = (ei,..., e^) G Cg (M'^; M'^) be a 

vector held such that (e,n) > Cq > 0 on dVL and |Ve| < where rg = diam(f2) and 

n denotes the outward unit normal to dVt. It follows from the divergence theorem that 


Co / |Vnp da < 
Jdn 


|Vnp(e, n) da 


Ian 


d 


|Vn| div(e)(ia;+ / Cj-— Wv-Wvdx 

Jo UXi 


<c{r^‘y \Vv\^dx + J |Vw| |V^t>| (ixj 


(2.19) 


where we have used (I2.18p for the last step. Note that the same argument also gives 
II Vn||L2(5'j) < C ||F||iP(Q), where St = {x ^ : dist(x, = f} for 0 < t < cro. 

Consequently, by the co-area formula, we obtain 


^ f \Vv\^dx 


1/2 

<C'||F||„(„,, 


( 2 . 20 ) 


where 0 < r < diam(f2) and 12^ = G : dist(a;, dfl) < r}. 
Next, we observe that CQ{h) = 0 in and 


ll^llrii(ao) < ||/||rii(ao) + IlcHriqao) 

< ll/l|rii(ao) + C ||F||iP(Q), 

where we have used fl2.19p for the last inequality. It follows from the estimates for solutions 
of the regularity problem in Lipschitz domains for the operator Cq in [121 IB] that 

ll(Vh)*||2,2(gn) < C'|||/||r/i((90) + ||-^||lp(o)|, (2.21) 

where (Vh)* denotes the nontangential maximal function of Vh. This, together with 
(DD, gives 

||Vno||L2(^^) < Cr^/^{\\f\\mian) + ||i"||LP(o)}• (2.22) 
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for any 0 < r < diam(fi). As a result, the first term in the r.h.s. of fl2.17p is bounded by 

To handle the third term in the r.h.s. of fl2.17l) . we use Lemma [2.21 to obtain 

e\\Ke{(y‘^uo)r]e)\\LHn) < e\\Ks{(y^v)r]e)\\L\n) + e\\K^{{V‘^h)%)\\L2(n) 

< Ce^/^\\{V\)ve\\Lnn) + Ce\\{V^h)7],\\L2^n) (2.23) 

<Ce^^^\\Fh.in) + Ce\\V^h\\,^n\n,,). 


Since Co(Vh) = 0 in hi, we may use the interior estimate for Cq, 





where 6{x) = dist(x, 912), to show that 


<Ce ^'^^|||/||r/i( 9 o) + ||T'||lp(o)|, 


(2.24) 


where the last inequality follows from fl2.2ip . This, together with fl2.23p . gives 

e\\K,{{V\o)Ve)\\L^in) < CeF^{\\f\\HHan) + l|i"l|L.(o)}. (2.25) 

Finally, to bound the second term in the r.h.s. of fl2.17p . we again write Uq = v + h as 
before. Note that by Lemma 12.21 

ll(Vti)i)i - /'f,((VK))),)||ii,n) < ||Vti - A’5(Vk)||ii(mj) + ||(Vk)( 1 - i),)||L"(n) 

+ ||Ay(Vt-)(l-r,.))n,,„, 

< C£'-'"||F||„,„,. 

where we have used fl2.18p and fl2.20p for the last inequality. Also, by Lemma l2Tl 

||(V%, - iL,((V%,)|U2(f,) < C'£||V((V%,)|U2(f,) 

<c'{£||v2h|U.(f,\03^) + ||Vh|U.(n,.)} 


Consequently, the second term in the r.h.s. of fl2.17p is dominated by the r.h.s. of fl2.16p . 
This completes the proof of Theorem 12.61 □ 

The next theorem is an analogue of Theorem 12.61 for the Neumann boundary condi¬ 
tions. 
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Theorem 2.7. Suppose that A = A{ii) satisfies Let fl be a bounded Lipschitz 

domain. Let > 0) be the solutions to the Neumann problem in with g G 

and F G where p = Also assume that _L 77. Then 


\\ue - Mo - £X^j {x/e)K‘^^ 

where pe ^ satisfies 1 ^ 2 . 14 \ ). 

Lipschitz character ofQ. 


The constant C depends only on d, ki, K 2 , 


(2.26) 
and the 


Proof. The proof, which uses the estimate in Lemma 12.51 is similar to that of Theorem 
12.61 We will only point out the differences and leave the details to the reader. 

Let We denote the function in the left hand side of (12.261) . Let 


; j = 1,..., J = 


d{d + 1) 


be an orthonormal basis of 77, as a subspace of L'^ifil] R"^). By the second Korn inequality. 


\we\\H^Q)<C / A{x/e)'\/we -Vwedx + C* ^ ■ fij dx 

Jn ' Jn 


(2.27) 


Since Me, Mq -L if follows that 


I We-fijdx <Ce\\x{x/e)K‘^{{Vuo)pe)\\L^n) 
n 

< Ce II Vmo||l 2 (q). 

This, together with fl2.27p and Lemma 12.51 shows that 

ll'M^ellM'i(O) < c|||VMo||L2(f24g) + e^||V mo||l2(0) + ||(Vmo)?7£ — Ke{{Vuo)pe)\\L'^{n) 

+ ^l|-^e((V^Mo)?7£) ||l2(0) |- 


(2.28) 


To bound the r.h.s. of fl2.28l) . we write Uq = v + h, where v is the same as in the proof 
of Theorem 12.61 Since Co{h) = 0 in hi and 


< C 


+ 


we may use the estimates in 
Lipschitz domains to obtain 


for solutions of the Neumann problem for Co in 


ll(Vh)*||i2(9Q) < C|||5f||/,2(aQ) + ||F||ip(n) + ^ I j h-(j)j 

i=i 


In 


(2.29) 


< C 


+ 
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where we have used the assumption uq _L IZ. With the nontangential maximal function 
estimate 02.291) at our disposal, the rest of the proof is exactly the same as that of Theorem 

EH □ 

Remark 2.8. Since 

it follows from the estimate 02.16P that 

llw ~ Uo\\l^{q) < C'£^'^^|||/||hi( 90) + ||-^||L2(n)|, (2.30) 

where C^iue) = C,q{uq) = F in and = Uq = f on dfl. Similarly, the estimate 02.26P 
implies that 

\\Ue — Mo|U2(q) < C £^^^|||5'||l 2(90) + ||-F||L2(f^)|, (2.31) 

where u^,Uo are given in Theorem 12.71 These 0(£^/^) estimate in are not sharp (see 
Section 4); but they will be sufficient for us to establish the boundary (7“ and Lipschitz 
estimates. 


3 


Proof of Theorems 11.11 and 


1.2 


Theorems 11.11 and 11.21 are consequences of Theorems 12.61 and 12.71 respectively. We give 
the proof of Theorem 11.11 Theorem 11.21 follows from Theorem 12.71 in the same manner. 
Without loss of generality we may assume that 

11/11^1(90) + II-^IUp(O) = 1- 

Let tCg denote the function in the left hand side of 02.161) . By Theorem 12.61 for e <r < 
diam(fl), 

W^UellL^Qr) < ||Vmo||l2(o,) + W^WellL^n) + e\\V{xix/e)K^{{Vuo)r]^)\\ 

< + ||Vx(a;/£)F2((Vuo)h.)llL2(o.) +£ ||x(^A)VF2((Vuo)h.)IUhf^d 

< Ct^!^ + F \\K,{iVuo)Ve) ||l2(o,.) + II VF,((Vuo)h.) 

where we have used (I2.22p and Lemma 12.11 as well as the fact that the operator is a 
convolution with a kernel supported in R(0,£/4). Note that by (I2.22j) and (I2.25p . 

||A',((V«„)rfe)|U,,n,,, < CllVaolU.m,,, <Cr'l\ 

and 

£ \\VKs{{Vuo)Ve) h^n^r) < ^ \\Ks{{V\o)Vs) h^n^r) + ^ 11 ^ 2 ( 02 ,) 

< e \\K^{{V‘^uo)r]e)\\L2{n2r) + C || Vmo||l2(Q3^) 

The proof of Theorem 11.11 is complete. 
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Remark 3.1. Under certain smoothness condition on A, it is possible to extend the 
Rellich estimates in [T2] for the Lame systems with constant coefficients to the operator 
£i with variable coefficients satisfying the condition fll.2p . We refer the reader to [33] . 
where this is done for the case that the coefficients satisfy the ellipticity condition fll.lip . 
It follows that if £i(u) = 0 in ZI 2 , where Dr is defined by fll.lbp with ■^(0) = 0 and 
llVi/’lloo < M, then 



\Vu\^da < C 


>dDr 


du 


du 


da + \Vu\‘^ dx, 


' Dr 


\Vu\^da<C I iVtan^rdaR / \Vu\^ dx, 


fdDr 


' Dr 


(3.1) 


for any r G (1, 3/2), where C depends only on d, A, and M. By integrating both sides of 
the ineqnalities in fl3.ip with respect to r over (1,3/2), we obtain 



\Vu\^da < C 


' A 2 


du 


du 


da + \Vu\'^dx, 


’D 2 


(3,2) 


/ \V„„u\^da + C \Vu\^dx, 


I A 2 


'D 2 


where = {{x',^jJ{x')) G : |x'| < r and Xd = ^jJ{x')Y We now take advantage of 
the fact that the dependence of U on -0 is only throngh M. Since Ce{ue) = 0 implies 
Ci[u^{ex)'^ = 0, one may dednce from fl3.2p that if C^{u^) = 0 in Zl 2 e, then 



\Vuef‘ da < C 


A2e 


2 , C 
da+ — 

e 


dUr 


I dx. 


’D2e 


\Vu^\^da<Cl |VtanWrd(T + 


c 


I dx. 


'Die 


(3.3) 


Now, suppose that G and C^iue) = 0 in 12, where 12 is a bounded Lipschitz 

domain in By covering 512 with a finite number of suitable balls of size ce, it follows 
from fl3.3p that 



IVuep da < C 


'an 


du, 2 U 
da H- 


du. 


|Vn£|2 da<C'/ |VtanWrda + 


C 


I Vne|2 dx, 

I VUel^ dx. 


'an 


(3.4) 


Notice that up to this point, we have only used the smoothness condition of A, not the 
periodicity of A. With the additional periodicity condition we may invoke the estimates 
in Theorems II. H and II. 2l to bound the volume integrals of over the boundary layer 

12c£. This yields the full Rellich estimates. 



Wu, 


^da<C 



2 


da 


(3.6) 
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if Us -L TZ, and 


,-2 


I on 


\Vus\ da<C \VtanUe\ da + Cvi^ I 


M.P da. 


(3.6) 


'an 


'an 


It is well known that estimates fl3.5p - fl3.6p may be used to solve the boundary value 
problems in Lipschitz domains by the method of layer potentials. We refer the reader to 
|33] for the case where A{y) satisfies fll.lip . The details for the systems of elasticity will 
be carried out in a separate work nzi. 


4 Convergence rates in L'^ for q = 

In this section we establish sharp 0{e) estimates for \\us — Mo||L 9 (n) with q = using 
Theorems 11.11 and 11.21 and a duality argument. Throughout this section we will assume 
that n is a bounded Lipschitz domain and A = A{y) satisfies fll.2p - fll.3l) . 

We start with the Dirichlet boundary condition. 

Lemma 4.1. Let (e >0) be the solution of ( [i.^[ ). Suppose that uq & . Then 

\\us -uq- exk{x/e)Ks{^-^'^ - 'y£||//i(o) < Ce||V^Mo||L2(Kd), (4.1) 


Ceive) = Q in Lt and =—exkix/e)Ks{ on dfl. 

\OXk/ 


(4.2) 


where Uq G iL^(M'^;M'^) is an extension of Uq and G is the weak solution to 

'du 

"k 

Proof. Let 

We = Ue - Uo - eXk{x/e)Ke(^-^^ - Ve. 

Using Ce{ue) = To(uo) and Ceixe) = 0 in n, a direct computation shows that 

d 


kZe{We) = 


dXi 

A 

dxi 


off - afhx/e)] ^ I - Ce\eXk{.x/e)K, 


dx.i 


dxu 


'afff-affixfe)] 


dXn 




dxi 


\dxjJ 


where hff is dehned by (12.3p . Using (12.51) . we see that 


dxn 




(4.3) 


I, \ h -1: ( 


'duf 


dxi 




■.dxkdxj 


(4.4) 
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It follows from fl4.3p and fl4.4p by Lemmas 12.11 and 12.21 that 

II V^Mo||L2(]Rd), 

where C depends only on d, ki, K2, and hi. Since Ws G iLo(r2;M^), this gives the estimate 
(14.ip by the energy estimate. □ 

The following theorem establishes the sharp 0{e) estimate in with q = for the 
Dirichlet bonndary condition. 

Theorem 4.2. Suppose that A satisfies Let fl be a hounded Lipschitz domain 

in M'^. Let Us (e > 0) be the weak solution to Dirichet problem Assume that 

Then 

\\u£ — MolU'i(o) <Ce ||mo||h2(o), (4.5) 

where q = and C depends only on d, K2, and kl. 

Proof. We begin by choosing Uq G such that Uq = Mq in fl and ||Mo||// 2 (Rd) < 

C||Mo||iy 2 (o), where C depends only on fl. Since fl is Lipschitz, this is possible by an 
extension theorem due to A. Calderon. Next, since Lfo(fl) C L'^(fl) and 

ry-— 

\\Xk{x/e)Ks(^-^^'^\\L<i(n) < C* || VMollL'i(R'i) ^ C \\uo\\h2^q'j, 
in view of Lemma 14.11 it suffices to show that 

||n£||L'?(o) < Ce ||■Uo||^^2(Q), (4.6) 

where is given by (14.2p . 

To this end we fix G G L^’(fl;M‘^), where p = q' = and let h^ G iLo(fl;M^) be the 
weak solution to 

= G in fl and = 0 on clfl. (4.7) 

It follows from (14.2p . (14.7p . and the divergence theorem that 
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where G C^{Q) satisfies 02.141) . This implies that 


■ G dx 


< C / \Vx{x/e)\\K,{Vuo)\ |Vh,| - 1| dx 


+ Ce \x{x/e)\ \Ke{V‘^uo)\ \Vhe\ 1% - 1| dx 

Jn 

+ Ce [ \x{xle) \ \Ks{Vuo) \ IG] \r]e-M dx 


(4.8) 


+ Ce \x{x/e)\\Ke{Vuo)\\Vhe\\VT]e\dx. 


Note that by Cauchy inequality and 02.14p . the first and forth terms in the r.h.s. of (jH 
are bounded by 


\ 1/2 

C[ I \{\Vx{x/e)\ + \x{x/e)\)K,{Vuo)\^dx) 

/ 

\ 1/2 / /• \ 1/2 


’fl4i 


\ 1/2 

\Vhe\‘^dx] 


< 


c([ iVnopdx) ([ \Vh,\^dx) , 

figs / V-f 04e / 


where 12^ = : dist(a;,912) < r}, 12^ = {a; G : dist(x, 912) < r}, and we have 

used Lemma [2.II for the last inequality. Using the divergence theorem, as in 02.19p . one 
may prove that 

where 5^ = {a; G : dist(a;, 912) = r}. It follows by the co-area formula that 

||Vno|lL2(f^^) < Gr^/2||~^||i/2^^^^||~^||i/2^^^^_ 

This, together with the estimate in Theorem 11.11 for h^, shows that the first and forth 
terms in the r.h.s. of 04.8p are bounded by 


Ge ||Mo||r^2(f7)||G||LP(n), 

where p = q' = Finally, we note that the second and third term in the r.h.s. of 04. 8 p 
are bounded by 


G e II V^Mo||L2(Rd)|| Vhe||j;,2(f^) -f G £ II VMo||L'?(Rd)||G||LP(n) 

< Ce ||no||H2(n)||G||£,p(n). 

As a result, we have proved that 



• G dx 


< Ce ||no||jr2(o)||G||LP(n), 


which, by duality, gives the estimate 04. 6 p and completes the proof. 


□ 
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Next we consider the solutions with the Neumann boundary conditions. 

Lemma 4.3. Let fe > 0) be the solutions of U.TD such that Ur -L 71- Suppose that 
uoe Then 

du 

\\ue -uq- exk{x/e)K^(^-^'^ - < C ej|| V^Mo||L2(Rd) + ||VMo||L2(R'i)}, (4.10) 

where uq is an extension of uq and G is the weak solution to 


kf-eive) = 0 in fl, 


dve e 


diOp 


d d 

= 7:\^k^ - 

uXi C/Xk 


(j)kij{x/e)K^ 


duc 

dx. 


Vs -L 71. 


on dQ, 


(4.11) 


Proof. Let 

duQ 
dxk> 

Using ^ on dVt, a direct computation shows that 


Ws = Us-uo- exkix/e)Ks(^^^ - 


dWr dut) dUc] 




dos duo dus dus 


du(] 


= Ui 


du: 




dxk' 

du^ 




i Idxj 


- niaff{x/e) ■ exl\x/e)Ks(^ 
Using fl2.5p . we also see that 

dv. 




dVe 
dVe 


dxjdxkk dui 


dv. 


n. 




d r 


dUn\ dVs 


= erii 


dxk 




V dxj / dvs 


= |ln. 


d 


d 


dxk dxi 




\ dXj / dr's 


= -^ni^fij{x/e)Ks[-,^ ^ 


^dxkdx. 


(4.12) 


(4.13) 
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As a result, we obtain 



Next, we note that as in the proof of Lemma [4.11 





+ 



%\x/e)Xk^{xle)K, 


Mi 


(jM.) 

\dxjdxk^ 


(4.14) 


(4.15) 


Thus, by fll.2p and the energy estimate, 
llVwj + iVwe)^\\L2(n) 

< C \\Vwe\\L^n){\\'^uo - Ke(yuo)\\L2(n) + e\\(j){x/e)Ke(y‘^uo)\\LHn) 

+ e\\x{x/e)K^{V‘^uo)\\L2(n)^ 

< Ce\\\/w^\\L2(n)\\V‘^uo\\L2(^^d), 

where we have used Lemmas 12.II and 12.21 for the last step. By the second Korn inequality, 
this implies that 


I'M^sIlirpo) < Cell 

< Ce|| V^Mo 

< CelllV 


+ C \ ■ (j)j dx 

j=i ' 

+ Ce||x(a;/e)A'£(VMo)||L2(o) 

+ II Vmo||l2(R'*)|) 


where {(pj : j = 1,..., J} forms an orthonormal basis of TZ, as a subspace of 

The proof is complete. □ 

The next theorem is an analogue of Theorem 14.21 for the Neumann boundary condi¬ 
tions. 
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Theorem 4.4. Suppose that A satisfies / OT^) . Let fl be a hounded Lipschitz domain 
in Let (e > 0) be the weak solutions to the Neumann problem with the 

property J- TZ- Assume that uq G M'^). Then 

\\ue — uo\\L<!(n) <Ce ||Mo||H2(r2), (4.16) 

where q = and C depends only on d, ni, K 2 , and 

Proof. As in the proof of Theorem I4.2[ it suffices to show that 

||'1^£||l«j(o) < Ce ||Mo||ri'2(Q), (4.17) 

where is given by fl4.1ip . To this end we £x G G LP(fl;R'^) with G ± TZ and let 
hg G be the weak solution to 

dh 

Ce{hf) = G in fl and = 0 on dfl, (4-18) 

with the property h^ T TZ. It follows from fl4.18p . fl4.1ip . and the Green’s formula that 



where pe G G^(fl) satishes (I2.14p and we have used the divergence theorem as well as 
(12.5p for the last inequality. This leads to 


Ve ■ G dx 


< G / \V4>{x/e)\ \KfiVuo)\ \Vhfi dx 

J £l4e 


+ Ge mx/e)\ \KfiV^uo)\\Vhfi dx 
J n4e 


(4.19) 


+ Ge 


{x/e)\ \Ke(fi7uo)\ \Vps\ |Vhe| dx. 


f^4£ 


Note that by the Cauchy inequality, the hrst and third term in the r.h.s. of (14.191) are 
bounded by 

< Ge ||Mo||H2{n)||G'||LP(n), 
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where we have used Lemma 1?^ for the hrst inequality and Theorem ll.2l as well as estimate 
fl4.9p for the second. Also, the second term in the r.h.s. of fl4.19p is bounded by 

C'£||0(a;/£)iL,(V2no)||L2(o)||Vh,|U2(^) 

< Ce ||no||j72(n)||G'||i,p(o)- 

Hence we have proved that for any G G with the property G _L A., 


Vp ■ G dx 


< Ge ||Mo||ir2{o)||G||iP(n). 


Since J- A, this gives the estimate fl4.17p by duality and completes the proof. □ 

Note that by combining Theorems 14.21 and 14.41 one obtains Theorem 11.31 


5 (7“ estimates in domains 


In this section we investigate uniform boundary G" estimates in G^ domains. The results 
will be used in the next section to establish uniform boundary estimates in G^ 

domains. Throughout the section we will assume that the dehning function -0 in Dr and 
Ar is G^ and '0(0) = 0. To quantify the G^ condition we further assume that 

sup ||V'0(x') — V0(?/')| : x',y' G and \x' — y'\ < < r(f), (5.1) 

where r(f) —)■ 0 as f —)■ 0+. 

The rescaling argument is used frequently in this paper. Suppose that Ce{ue) = F in 
D 2 r and = f on A 2 r- Let w{x) = Ueirx). Then 


Ci{w) = G in D 2 and w = g on A 2 , 
where G{x) = AF{rx), g{x) = f{rx), and 

D 2 = {(x'^Xd) G : |a;'| < 2 and i/Jrix') < Xd < + 2}, 

A 2 = {{x',Xd) G : \x'\ < 2 and Xd = iJrix')}, 

with 'iprix') = r“^0(ra;'). Note that '0r(O) = 0 and ||V0r||oo = ||V'0||oo- Moreover, if 0 is 

G^ and satishes fl5.ip . then 0^ satishes fl5.ip uniformly in r for 0 < r < 1. 

Lemma 5.1. Let 0 < e < r < 1. Let G iL^(Zl 2 r; ®‘^) be a weak solution of Ceiue) = 0 
in D 2 r with Ue = 0 on A 2 r- Then there exists v G such that Co{v) = 0 m Dr, 

n = 0 on Ar, and 



(5.2) 


where ||V0||oo < M, and G depends only on d, ki, K 2 , and M. 
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Proof. By rescaling we may assume r = 1. By Cacciopoli’s inequality, 



It follows from (I5.3p and the co-area formula that there exists t G [4/5, 3/2] such that 

\\'^Us\\L'2{dDt\A2) + \\Ue\\L^{dDt\D2) < C \\Ue\\ l'2{D2)- ( 5 - 4 ) 

Let V be the solution to the Dirichlet problem: Cq{v) = 0 in and v = on dDf. Note 
that u = 0 on Ai, and by Remark [2.81 

\\u£ — v\\L2(Dt) A \\u£\\H^{dDt)- (5-5) 

This, together with fl5.4p . gives 

ll'^e — < Wus — n||L2(£ij) < ||w£||l2(z)2), 


and completes the proof. □ 

Theorem 5.2. Suppose that A = Aiy) satisfies Let he a weak solution of 

Ceiufi) = t) in Di with Us = 0 on Ai, where the defining function in Di and Ai is . 
Then, for any a G (0,1) and e <r < {1/2), 

(J^ ' <C£,r'^-^(J^ ' , ( 5 . 6 ) 

where Ca depends only on d, a, Ki, K 2 , and the function T{t) in 

Proof. Fix fi G {a, 1 ). For each r G [e, 1 / 2 ], let n = Vr be the function given by Lemma 
15.11 By the boundary estimates in domains for the operator Cq, 



for any 9 G (0,1), where Cq depends only on d, Ki, ^ 2 , fi and r(f). It follows that 
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for any e <r < 1/2. We now choose 6 G (0,1/4) so small that Ci6^ " < (1/4). With 6 
hxed, choose N > 1 large so that 

C^2^Q-i-aN-i/2 < 

It follows that if r > Ne, 

(j){er) < ^|0(r) + 0(2r)|, (5.7) 

where 

(j){r) = r~°‘ (-[ ItigP 
KJDr 

By integration we may dednce from fl5.7p that 




m- < \ 



1 

4>{r)— + - 

r 4 



where Ne < a < (1/2). This implies that 



nv 

0(r) —<C 
r 



dr 

r 




Hence, 0(r) < C 0(1) for any r G [e:, 1], and the estimate (15.6p now follows by Cacciopoli’s 
ineqnality. □ 

Remark 5.3. Under the stronger assnmption that the dehning fnnction 0 for Di is 
for some a > 0, we will show in Section 8 that the estimate (15. 6 p holds for a = 1. In 
particnlar, it follows from the argnment in Section 7 that if Ce{ue) = 0 in B{0, 1), then 



(5.8) 


for any e < r < 1. This is the interior Lipschitz estimate down the scale e. 

A fnnction A is said to belong to VMO(R‘^) if the l.h.s. of (15. 9 p goes to zero as t —)■ O’*". 
To qnantify this assnmption we assnme that 


snp 

xGR'' 

0<r<t 


B{x,r) 


My) - 


B{x,r) 


A 


dy < p(t), 


(5.9) 


where p{t) —)■ 0 as t —)■ O'*". 

The following corollary was essentially proved in |5] by a compactness method. 


Corollary 5.4. Suppose that A satisfies Also assume that A G VMO{Mf). 

Let Us G be a weak solution of = 0 in Di with = 0 on Ai. Then, 

for any a G (0,1), 

/ r \ 1/2 


|w||c“(Di/2) < Ca 


Ur 


Di 


(5.10) 


where Ca depends only on d, ui, K 2 , a, and the functions rif), p(t). 
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Proof. We may assume that 0 < e < (1/2), as the case of e > (1/2) is local. Since 
Ci[us{ex)) = 0, it follows from the boundary C°‘ estimates in domains for the operator 
Cl by rescaling that if a G (0,1) and 0 < r < e, 



where C depends only on d, ki, K 2 , a, rit) and p{t). This, together with Theorem 15.21 
shows that the estimate fl5.6l) holds for any 0 < r < (1/2). By combining fl5.6p with a 
similar interior estimate, we obtain 


r 


a—l 


’ B{x,r)nDi/2 



1/2 


< c ||'Ue|lL2(Di), 


(5.11) 


for any 0 < r < c and x G /I 1 / 2 . The estimate (15.101) follows from (15.111) by Campanato’s 
characterization of Holder spaces. □ 


The rest of this section is devoted to the boundary C" estimates for solutions with 
the Neumann boundary conditions. 

Lemma 5.5. Let 0 < e < r < 1. Let G be a weak solution of C^{u^) = 0 

in D 2 r with ^ = 0 on A 2 r. Then there exists a function w G such that 

Co(w) = 0, -^ = 0 in Ar, and 



where Ht/Hoo < and C depends only on d, Ki, K 2 , and M. 

Proof. By rescaling we may assume r = 1. As in the proof of Lemma 15.11 there exists 
t G [4/5, 3/2] such that 


\\Ue\\L'2{aDt\A2) + \\'^Us\\L2(aDt\A2) < C* || W||• 

Let be a function in TZ such that u,. — A TZ in Lf{Dp R'^). Let v be the solution to 
the Neumann problem; £ 0 ( 1 ^) = 0 in and ^ ^ on dDt, with v A TZ. It follows 

from Remark 12.81 that 

IIW — 4>e — v\\l'^{Di) < IIW — — v\\L'i{Dt) 

< Ce^^‘^\\ue\\L^(D2)- 

It is easy to see that the function w = v A satishes the desired conditions. □ 
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Theorem 5.6. Suppose that A = A{y) satisfies Let be a weak solution of 

Cfiufij = t) in Di with = 0 on Ai, where the defining function ip in Di and Ai is C^. 
Then, for any a G (0,1) and e <r <1, 



<a 


1 



(5.13) 


where C depends only on d, a, ki, K 2 , and the function rit). 

Proof. Fix fi G {a, 1). For each r G [e, 1/2], let to = Wr be the function given by Lemma 
I5.51 By the boundary estimates in domains for the operator Cq, 

inf (-f |to - gp") inf (-f |to - gp") , 

where Cq depends only on d, jS, ki, K 2 , and r(f). This, together with Lemma 157^ gives 


inf 


\ue - q\‘ 


1/2 


< 


Cinf (-[ \w-q\^Y\(-f 


\u^ — w\ 


1/2 


Dr 


1/2 


< C9^ inf if \w — q\'^ ] + CqO ^ { f \u£ — w 


Dr 


1/2 




Ur 


D2r 


1/2 


By replacing with — q, we obtain 

(Pier) < Ce^-^(P{r) + Ce-^-^iejrfl'^fifilr) 


for any r G [£,1/2], where 


(pir) 




By the integration argument used in the proof of Theorem 15.21 we may conclude that 
0(r) < C<pil) for r G [£,1/2], which yields fl5.13p by Cacciopoli’s inequality. □ 


Remark 5.7. Under the stronger condition that the dehning function for Di and Ai is 
(//i,o- fQj, some cr > 0, we will show in Section 9 that the estimate fl5.13p holds for a = 1. 


The following corollary was essentially proved in |29] by a compactness method. 











Corollary 5.8. Suppose that A satisfies Also assume that A G VMO(R'^). 

Let Us G H^{Di;W'‘) be a weak solution of Cs{us) = t) in Di with = 0 on Ai. Then, 
for any a G (0,1), 





(5.14) 


where Ca depends only on d, ki, K 2 , a, and the functions rifi), pit). 


Proof. As in the case of the Dirichlet boundary condition, the additional smoothness as¬ 
sumption A G VMOfR'^) ensures that the estimates fl5.13p holds for any r G (0, 1/2). This, 
together with the interior estimates, gives the estimate fl5.14p by the use of Campanato’s 
characterization of Holder spaces. □ 


6 estimates in domains 


In this section we study the uniform estimates in domains. Throughout the 
section we will assume that A = A{y) satishes fll.2p - fll.3|) . A G VMO(M.‘^), and Q is C^. 
Our goal is to prove the following two theorems. 

Theorem 6.1. Suppose that A satisfies / (i.gl) -/ l77^) . Also assume that A G V7lTO(M'^). 
Let 1 < p < oo and fl be a bounded domain in Let G R"^) be a weak 

solution to the Dirichlet problem 


jCfius) = div{f) in O and u^ = 0 on dfl, 
where f = (/“) G L^(r2; R'^^'^). Then 


( 6 . 1 ) 


^£||vri.p(o) < Cp ll/IU.(n) 


( 6 . 2 ) 


where Cp depends only on d, p, A, and O. 

Theorem 6.2. Suppose that A satisfies the same conditions as in Theorem lh.il Let 
1 < p < oo and fl be a bounded domain in R'^. Let G lT^’^(r2;R'^) be a weak 
solution to the Neumann problem 


Ce{us) = div{f) in O and 


due 

dus 


= —n ■ f on dfl, 


(6,3) 


where f = (/“) G L^’(r2; R'^^'^). Assume that T TZ. Then 

Il'?^£||vi/cp(r2) < CpIl/llL-im. 


(6.4) 


where Cp depends only on d, p, A, and kl. 
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Recall that a function is called a weak solution of (111.1 H if and 

(6.5) 




dxj dxi 


ft-^dx 


dxi 


for any ip = (</9") G Similarly, Ue is called a weak solution of fl6.3p if Ue G 

M'^) and fl6.5p holds for any p = {p°‘) G M'^). Under the assumptions that 

A G VMO{R‘^) and U is the existence and uniqueness of solutions of (16.Ih and (I6.3p are 
more or less well known (see e.g. mi for references). The main interest here is that the 
constants C in the estimates fl6.2p and fl6.4l) are independent of We mention that 
for with coefficients satisfying fll.3|) . fll.lip and Holder continuity condition, estimates 
fl6.2p and fl6.4p were established in i [71 HU [22]. The results were extended to the case 
of almost-periodic coefficients in [3|. Also, for with coefficients satisfying fll.2p - fll.3p in 
Lipschitz domains, some partial results may be found in [T8] . 

Theorems 16.11 and 16.21 are proved by a real-variable argument. The required weak 
reverse Holder inequalities fl6.6p and fl6.2l) for p > 2 are established by combining local 
estimates for Ci and boundary Holder estimates in Section 4 with the interior Lipschitz 
estimates, up to the scale £. 


Lemma 6.3. Let Us G H^{B{xo,2r);'M.‘^) be a weak solution to Cs{us) = 0 in B{xo,2r) 
for some xq G and r > 0. Then, for any 2 < p < oo, 



( 6 . 6 ) 


where Cp depends only on d, p, Hi, k, 2 , and the function pit) in 115.9\) . 


Proof. By translation and dilation we may assume that xq = 0 and r = 1. We may also 
assume that 0 < £ < (1/4). The case £ > (1/4) for 5(0,1) is local, since A{x/e) satishes 
the smoothness condition fl5.9l) uniformly in e. For each y G i?(0,1), we use the local 
estimates for the operator Ci and a blow-up argument to show that 



By the interior Lipschitz estimate, up to the scale e, we have 



We point out that the estimate (16.81) will be proved in Section 8 with no smoothness 
assumption on A (see Theorem 18.61) . Hence, for any y G 5(0,1), 



< C II Vm£||l2(^(o^2))- 


By covering B{0, 1) with balls of radius e/2, we may deduce fl6.6l) readily from fl6.9l) . □ 
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Lemma 6.4. Let G H^{D2r]^^) be a weak solution to C^{u^) = 0 m D2r with either 
Mg = 0 or = 0 m ^ 2 r, where 0 < r < 1. Then, for any 2 < p < oo, 



( 6 . 10 ) 


where C depends only on d, p, ki, K 2 , rif) in l\5.1\) . and p{t) in / (5..9I) . 

Proof. Note that the function r~^'ijj{rx') satisfies the condition fIS.ip uniformly for 0 < 
r < 1. Thus, by rescaling, it suffices to prove the lemma for r = 1. Using Lemma 16.31 
Theorem 15.21 and Theorem 15.61 we obtain 


£ 


lip 

iVugl^’ ] < C 


B(y,S(y)/8) 


IVUg 


B(y,5{y)/A) 

OL—1 I 


1/2 


( 6 . 11 ) 




for any a G (0,1), where y E Di and S{y) = dist(i/, dD 2 ). We now fix a G (1 — ^,1). It 
follows from fl6.1ip that 



Using the fact that 6{x) 
fl6.12p implies fl6.10p . 


B{yAy)m 


\VUe\^dxj dl/ < C ||VMe||^2p2)- 


( 6 . 12 ) 


6{y) ii y E Di and \y — x\ < it is not hard to verify that 

□ 


Proof of Theorems 16.11 and 16.21 By duality and a density argument it suffices to con¬ 
sider the case where p > 2 and / = (/") G Furthermore, by a real-variable 

argument, which originated in HH and further developed in [321 SO] , one only needs to 
establish weak reverse Holder inequalities for solutions of C^iu^) = 0 in B{xq, r) n H with 
either Wg = 0 or = 0 on B{xo,r) fl dkl, where xq E kl and 0 < r < Codiam(U). These 
inequalities are exactly those given by Lemmas 16.31 and 16.41 We omit the details and refer 
the reader to [39l HU |T6] for details in the case of scalar elliptic equations. □ 

Remark 6.5. Suppose that A and U satisfy the same conditions as in Theorem 16.11 By 
some fairly standard extension and duality arguments (see e.g. ESI), one may deduce 
from Theorem 16.11 that the solution of the Dirichlet problem, 

£g(Mg) = div(h) + F in U and = f on dfl, 


satisfies 

llwllivi.p(o) < C'p |||h||ip(Q) -h ||T’||lp(o) + 

for any 1 < p < oo, where B°‘’^{dVL) denotes the Besov space on dVt of order a with 
exponent p. Similarly, the solutions of the Neumann problem. 


Ceiue) = div(h) + F in U and 


du^ 

du. 


—n ■ h + g on dfl, 
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with Us J- TZ-, satisfies 

||M£||vi/i'P(n) < C'p |||^IUp(n) + ||-F||LP(n) + 
where is the dual of {dVt) 


7 LP estimates in domains 


The estimates in the last section allow us to establish the Rellich type estimates in 
L^, down to the scale e, in domains under the additional assumption that A belongs 
to VMO{R^). 

Theorem 7.1. Suppose that A = A{y) satisfies / Ii.^) -/ I77g|) . Also assume that A G 
VMO(R‘^). Let 1 < p < oo and Vt be a bounded domain in Let E M'^) 

be a weak solution to the Dirichlet problem 


Cs{us) = F in Q and = f in dfl, 
where F G and f G M'^). Then, for any e <r < diam{Vt), 


\VUs 


i/p 


<C'p 


LP(o) + II j||wrp(ao) 1, 


(7.1) 


(7.2) 


where 12,, = : disfix, dfl) < r}. The constant Cp depends only on d, p, A and 12. 


Theorem 7.2. Suppose that A and 12 satisfy the same conditions as in Theorem \7.1\ Let 
1 < p < oo. Let Us G 1T^’^(12; be a weak solution to the Neumann problem 


Cs{us) = F in fl and 


dus 

dvs 


= g in dfl, 


(7.3) 


where F G L^(12;M'^) , g G L^(912;R‘^) and J^F + fg^g = 0. Also assume that Us T 77. 
Then, for any e < r < diam{fl). 



where Cp depends only on d, p, A and 12. 

The proof of Theorems 17.11 and 17.21 follows a similar line of argument as for Theorems 
11.11 and 11.21 by considering 

du^ 

Ws = Us-uo-eXj{x/e)Ks{-^r]s), (7-5) 

where Uq is the solution of the homogenized problem, Ks is a smoothing operator defined 
by fl2.6p . and Ps E C^(12) is a cut-off function satisfying fl2.14p . 

Throughout this section we will assume that 12 is and A satisfies fll.2p - fll.3l) and 

dSH). 
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Lemma 7.3. Let {e > 0) he the solutions of the Dirichlet problems ( [7. i[ ^. Let Wg he 
defined by ( (y.5[ j. Then 


where Cp depends only on d, p, A and VL. 
Proof. A direct computation shows that 



where bff{y) is dehned by (I2.3p . Using (12.5p . we obtain 



It follows that 



Since tCe = 0 on dQ, we may apply the estimate in Theorem 16.11 to obtain 

lk£||wi.p(o) <c|||Vmo - K^{(yuo)ri^)\\LP(n) + e\\(l){x/e)VK^{(yuo)ri^)\\LP{Q) 

+ e\\x{x/e)VK,{{Vuo)Vs)\\LP{n)} 

< c|||Vmo - K^{{Vuo)Ve)\\LP{n) + ^11 V((VMo)h£)lUuf^)} 

< c|||V-uo|Up(04e) + ^ ||(V^-Uo)h£|U2(0)|, 


(7.6) 


(7.7) 


(7.8) 


where we have used Lemma 12.11 for the second and third inequalities. 
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We now write Uq = v + w, where 


v{x) = [ To{x-y)F{y)dy (7.9) 

Jn 

and ro(a; —y) denotes the matrix of fnndamental solutions for the operator Cq in with 
pole at the origin. Note that ||n||vi/ 2 .p(iRd) < Cp ||F||iP(n) and 

||Vn||LP(Sj) < Cp ||F||lp(o), 

where S'* = {x G R'^ : dist(x,c?f2) = t} for t small (see the proof of Theorem 12.6p . It 
follows that 

IIVn|Up(04,) + ellV'n|Up(n) < Ce^^VllLPin). (7.10) 

Finally, we observe that £o('M^) = 0 in and 


ll'?^llwi’P(9o) < WfWw^’Pidn) + ll'^llwi'P(ao) 

< C^\\f\\w^’P{an) + ||-^||lp(o)|- 

It follows from the solvability of the regularity problem for the operator Cq in 
domain fl, which follows from [TTl |35l ES], that 

||(V'u;)*||LP(an) < C |||/||wi'P(ao) + ||-^||lp(o)|- 

Also, using the interior estimate 


V^ta(x)| < 


C 

W) 



where 5{x) = dist(x, 917), we may show that 


/ \V^w\Pdx<C \Vw{x)\P[6{x)] ^ dx 

' f2\03e J r2\02e 


<C^^^-"{ll/rwMan) + II^IIW)/- 

As a result, we obtain 

IIV-u;||lp(Q4^) + e\\{'\/‘^w)T]e\\LP{n) < Ce:^/^|||/||wi,P(an) + ||-F||lp(o)|. 

This, together with the estimate fl7.1UI) for v, gives 

IIV'Uo||Lp(04e) + e||(V^'Uo)h£|Up(o) < C'£^/^|||/||v^i,p(aQ) + 

which, in view of fl7.8p . completes the proof. 


(7.11) 

□ 
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(7.12) 


Proof of Theorem 17.IL Without loss of generality we may assume that 

\\f\\w^’P{dn) + II-^IIlp(o) = 1- 

Let e <r < diam(f2). It follows from Lemma [7.31 that 

||Vm£||lp(o,) < \\Vuo\\LPin,) + C\\Vx{x/e)K,{{Vuo)r],)\\LP(n,) 

+ Ce\\xix/e)\/K^{{Vuo)%) ||lp(o,) + 

<C\\Vuo\\LPin,.) + Ce\\V{{Vuo)Ve)\\Lp(n) + Ce^^^ 

<C\\Vuo\\Lp(n,.) + Ce^/^, 

where we have used Lemma 12.11 for the second inequality and fl7.11l) for the third. An 
inspection of the proof of Lemma 17.31 shows that 

< Cr‘/P. 

which, in view of (17.1211 . gives 

This completes the proof. □ 

To prove Theorem 17.21 we need the following lemma. 

Lemma 7.4. Let {e > 0) be solutions of the Neumann problem ((y.3| j. Also assume 
that u^yUo T 71. Let be defined by i7.5\) . Then 


\w£\\w^^p(n) < CpE^/'^ 


+ 


(7.13) 


where Cp depends only on d, p, A and 12. 

Proof. The proof is similar to that of Lemma 17.31 Let fie be a function in TZ such that 
tCg — T 77. in It follows from the formula (17.711 and the estimates in 

Theorem 16.21 that 

\\w£ — (feWw^^Pin) < C'|||VMo||LP( 04 e) + ^ll(V^no)?7e||L2(f^)|. (7.14) 

To estimate the right hand side of (17.1411 . we proceed as in the proof of Lemma 17731 but 
use the nontangential maximal function estimate [ia[ 35 l[ 25 ], 

dw 

||(Vu’)*||LP(af2) < C \\-^\\LP(dn}, 

where Cq{w) = 0 in 12 and tc T 77 in L^(12;M'^). As a result, we obtain 


ll'it'e — 4>e\\w^’P{n) < Ce^^^l^\\g\\LPi^QQ) + 

Finally, note that since — Uq ± 77, 

||((>£|| wi .!>( o ) < Ce\\x{x/e)Ke{{Vuo)ve)\\Lp{n) 
— C'^ll VmoIIlp(o)- 

This, together with (I7.15p . yields the estimate (I7.13p . 


(7.15) 


□ 
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Proof of Theorem 17.2L The estimate fl7.4p follows from fl7.13p . as in the case of the 
Dirichlet conditions. We omit the details. □ 


Remark 7.5. Under certain smoothness condition on A, such as Holder continuity, it is 
possible to solve the Dirichlet, regularity, and Neumann problems for £i(u) = 0 in 
domains for any 1 < p < cxd. By the same localization procedure and blow-up argument 
as in Remark 13.11 this implies that 


'an 


'an 


\Vu,\Pda < C 
\Vuefda < C 


Ian 


'an 


du, 


dvr 


p C f , 
da-\ -/ \Vue\^dx, 


£ Jn, 


V tan'^e 


da + 


c 


I dx, 


where Ce{us) = 0 in D. It then follows from Theorems 17.11 and 17.21 that 


\Vue\Pda<C 


'an 


'an 


dur 




da, 


if Mg T TZ, and 


(7.16) 


(7.17) 



Vuefda <C f 
Jan 


\Vt.nUs\^da + C [ 
Jan 


UelP da. 


(7.18) 


As in the case p = 2, by the method of layer potentials, estimates fl7.17p - fl7.18p lead to the 
uniform solvability of the lA Dirichlet, regularity, and Neumann problems in domains. 
The details will be given elsewhere. 


8 Lipschitz estimates in " domains, part I 

In this section we investigate the Lipschitz estimates, down to the scale e, in domains 
with Dirichlet boundary conditions and give the proof of Theorem 11.41 The Neumann 
boundary conditions will be treated in the next section. The proof of Theorems 11.41 and 
11.51 is based on a general scheme for establishing Lipschitz estimates at large scales in 
homogenization, recently formulated in |3] for interior estimates. Our approach to the 
boundary Lipschitz estimates in domains is similar to that used in [3] for elliptic 
systems with almost-periodic coefficients. We remark that Lemma 18.51 is a continuous 
version of Lemma 3.1 in [3j. 

Let Dr and A,, be defined by fll.161) with ■^(0) = 0 and llV-^Hoo < M. 

Lemma 8.1. Let € if^(D 2 ;M‘^) he a weak solution of C^{u^) = F in D 2 with = f 
on A 2 . Then there exists v G such that Cq{v) = F in Di, v = f on Ai, and 

llw - < 0£^/^|||Mg|lL2(Z)2) + ||-^||l2(D2) + II/IIl “(A 2 ) + II Vtan/||L°°(A 2 ) (8-1) 

where C depends only on d, Ki, K 2 , and M. 
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Proof. By Cacciopoli’s inequality, 

[ \Vu,\^<c\[ K\^+[ |Fp + ll/llioc(^,) + l|Vt.n/||i.(^^)|. 

d ^/2 vJ D2 J D2 ) 

By the co-area formula this implies that there exists some t G [5/4, 3/2] such that 

[ (|Vn,p + <c\ [ K\^+ [ \F\^ + . 

JdDt\A2 ^ ' IJ D 2 j D 2 ) 

Let V be the weak solution to the Dirichlet problem. 


Co{.v) = F in Dt and v = Us on dDt. 


It follows from Remark 12.81 that 

\\U£ — f|| l2(£,^) < \\Ue — u||L2(Dt) 

< Ce^^‘^^^\\ue\\m{aDt) + ll-^IU2(Dt)| 

< I II Me II 2,2(02) ||i^||L2(02) + ||/|1l°°(A2) + II Vtan/||L°°(A2)|) 

where C depends only on d, Ki, 1 ^ 2 , and M. □ 

Lemma 8.2. Let e <r <1. Let G H^{D 2 r;^^) be a weak solution of C^iue) = F in 
D 2 r with Us = f on /S. 2 r- Then there exists v G such that Caiy) = F in D^, 

V = f on Ar, and 



+ ||/||l,°°(A 2 r-) + ^11 Vtan/|lL°°(A 2 r) 


5 


( 8 . 2 ) 


where C depends only on d, Ki, K 2 , and M. 

Proof. This follows from Lemma 18.11 by rescaling. □ 

In the rest of this section we will assume that the dehning function ip in the dehnition 
of Dr and A,, is for some a G (0,1) with -^(0) = 0 and || V'0||c'a(Rd-i) < M. 

Lemma 8.3. Let v be a solution of Cq{v) = F in Dr with v = f on A^. For 0 < t < r, 
define 


G{t;v) 


1 

t 


inf 

M&Rdxd. 

(jGR'^ 



1/2 

|m — Mx — q\^ ] +t 



+ 11/ - Mx- q\\L-°{At) + t l|Vtan(/ - Mx- q)\\L--{At) 
+ ||Vtan(/ -Mx- g)llcO.-(At) \, 


(8.3) 
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where p > d and a G (0,0;). Then there exists 6 G (0,1/4), depending only on d, p, Ki, 
K 2 , o, a and M, such that 

G{er-,v)<{l/2)G{r-v). (8.4) 

Proof. The lemma follows from the boundary estimates for elasticity systems with 
constant coefficients. We refer the reader to [31 Lemma 7.1] for the case £ 0 ( 1 ^) = 0. The 
argument for the general case F & U’ with p > d is the same. □ 


Lemma 8.4. Let 0 < £ < 1/2. Let be a solution of Ceiue) = F in Di with = f on 
Ai. Define 


H{r) 


- inf 



Mx — 


+ 11/ - Mx - g||Loo(A,) + r ||Vtan(/ “ 



Mx - g)||Loc(A,) 


(8.5) 


+ ||Vtan(/ - Mx - g)||cO.-(A, 


and 




F\P 


i/p 


( 8 . 6 ) 


+ 11/ - «lll“(A„) + I'll V,.„/||l»,Aj,) >, 


where p > d and a G (0, a). Then 

re\ 1/2 

H{er) <{l/2)H{r) + G <h(2r), 

for any r G [e, 1/2], where 6 G (0,1/4) is given by Lemma\8fM 


(8.7) 


Proof. Fix r G [e, 1/2]. Let u be a solution of Cq{v) = F in with v = f on A^. Observe 
that 

7/(6*r)<|-/ \us — v\‘^j +G{9r;v) 

XJDgr J 

<(-f +(l/2)G(r;u) 

\JDgr / 

<c(J^ +il/2)H{r), 

where we have used Lemma 18.31 for the second inequality. This, together with Lemma 
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gives 


H{er) < {l/2)H{r) + C 


1/2 


\ 1/2 / r \ 1/2 

Kn +r^if \F\^ 

D2r / \J D2r 


+ ||/||L°°(A2r) + I’ll Vtan/||L°°(A2^) 


Since H{r) remains invariant if we subtract a constant from the inequality 08.71) 
follows. □ 

Lemma 8.5. Let H{r) and h{r) be two nonnegative continuous functions on the interval 
(0,1]. Let 0 < £ < (1/4). Suppose that there exists a constant Co such that 


max H{f) < CoH{2r), 

r<t<2r 

max \h{t) — h{s)\ < CoH{2r), 

r<t,s<2r 


(8.8) 


for any r G [e, 1/2]. We further assume that 

H{er) < {l/2)H{r) + CoUj{e/r)I^H{2r) + h(2r)|, (8.9) 

for any r G [e, 1/2], where 6 G (0,1/4) and u is a nonnegative increasing function [0,1] 
such that a;(0) = 0 and 


■ dt < oo. 


Then 


{ff(r) + A(r)}<c{ff(l) + A(l)}, 

where C depends only on Cq, 9, and uj. 


max 

e<r<l 


( 8 . 10 ) 

( 8 . 11 ) 


Proof. It follows from 08.8p that 


for any e < r < 1/2. Hence, 

h{r) 


h{r) < h{2r) + CoH{2r) 


^ ^ h{2r) ^ ^ H{2r) 

dr < / ^—- dr + Co / ^—- 

Ja r Ja r 

J2a r J2a T 


dr 


where £ < a < (1/4). This implies that 


■-m,r<rthl,r^CrtPl,r 

1 r Ji/2 r J^a r 

<C{hil) + H{l)}+C [ ^^dr, 

J2a 1 " 
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which, by fl8.8p . gives 


h{a) < C { H{2a) + h{l) + H{1) + 


H{r) 


H{r) 


dr 


' 2a 


<c'|h(i) + iy(i) + 

for any a G [e, 1/4], 

Next, we use fl8.9p and fl8.12p to obtain 


dr } , 


( 8 . 12 ) 


^ H{r) 


H{6r) < {l/2)H{r) + Cuj{e/r)[h{l) + + Cu{e/r) / - -dr. 


It follows that 

J a.6e 


r ‘*’■^2 


dr + Ca{h{l) + H{l)]+C / a;(£/r) 




where a > 1 and we have used the condition fl8.10p . Using fl8.10p and the observation 
that 


u:{e/r) 


"™* 17 = £»■■> 


t 


u(s) 1 dt 
- ds > — 


£ S 

t 

dt 


t 


< {4C)-^ / H{t) 


t 


if a > ao{oj), we see that 

f H(r) ^ 1 /■■ H(r) 

J oiOe 

It follows that 


dr < — 
r 2 


H{r) 


dr + + — 


dr < C{h{l) + H{l)}, 


1 H{r) 


dr. 


(8.13) 


which, together with (I8.8p and (I8.12p . yields the estimate (I8.1ip . This completes the 
proof. □ 


Proof of Theorem II.4L We may assume that 0 < £ < (1/4). Let be a solution of 
Ceiue) = F in Hi with Ue = f on Ai, where F G U’{Di) for some p > d and / G C'^’'^(Ai) 
for some a G (0, a). For r G (0,1), we define the function H{r) by fl8.5p . It is easy to see 
that H{t) < C H{2r) if t G (r, 2r). 

Next, we let h{r) = \Mr\, where M^. is the d x d matrix such that 

+ 11/ - MrX - q\\L^{Ar) + r ||Vtan(/ “ MrX - g)||L->(A,) 

+ ||Vtan(/ - MrX - g)||cO.-{A,) 
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Let t, s G [r, 2r]. Using 


|Mi-M,|<-inf (-f KM-Mjx-gpy 
r geK<i \Jd, ) 

< - inf (-f \u, - Mtx - ' + - inf 

<C{H{t) + H{s)} 

< CH{2r), 



MgX — 



1/2 


we obtain 

max —/i(s)| < C'iL(2r). 

r<t,s<2r 

Furthermore, if $ is defined by (I8.6p . then 

$(r) < H{2r) + h{2r). 


In view of Lemma 18.41 this gives 

H{er) < (l/2)i/(r) + Cu{e/r){H{2r) + h{2r) 

for r G [e:, 1/2], where Thus the functions H{r) and h{r) satisfy the conditions 

and fl8.1Up in Lemma 15751 Consequently, we obtain that for r G [e:, 1/2], 

1/2 


~.{j' We-q?^ <cl^H{r) + h{r) 


inf 

qm‘i r VJd. 


<C{H{l) + h{l)} 


< C 


\u. 


Di 


1/2 


+ ||-^||LP(n>i) + ||/|lci’‘"(Ai) f , 


which, together with Cacciopli’s inequality, gives the estimate (I1.18p . The proof is com¬ 
plete. □ 

The argument used in this section may be used to prove the interior Lipschitz esti¬ 
mates, down to the scale £. 

Theorem 8.6. Suppose that A satisfies Let G H^{B{xo, R);'Efi) be a 

weak solution of = F in B{xo,R) for some xq G and R > 0, where F G 

LP{B{xo, R);Mfi) for some p > d. Then, for e <r < R, 


\Vu, 


1/2 

|2 \ ^ 


B(xo,r) 


1/2 

+r 


B(xo,R) 


|FP 


B(xo,R) 


1/p' 


(8.14) 


where C depends only on d, Ri, K 2 , p. 
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9 Lipschitz estimates in " domains, part II 


In this section we study the Lipschitz estimate, down to the scale e, with Neumann 
boundary conditions, and give the proof of Theorem 11.51 Throughout this section we 
will assume that the dehning function in and A,, is for some a G (0,1) and 
II V'0||ca(]Rd-l) < M. 

Lemma 9.1. Let Q be a bounded Lipschitz domain. Let G be a weak solution 

to the Neumann problem: Ce{ue) = F in Q and dus/dvi. = g on dfl. Then there exists 
w G such that Co{w) = F inQ, dw/duo = g on dfl, and 

\\us — < C'^^^^|||5'IU2(an) + ||-^||l2(o)|- (9.1) 

Proof. Choose 0^ G 7?. such that — 0^ T 7^ in Let Uq be the weak solution 

to the Neumann problem: L-oi'^o) = F in Q and duQ/dizQ = g on dfl with the property 
Uq T TZ. It follows from Remark 12.81 that 

\\Ue — 0e — Mo||i, 2 (q) < C | H^f 11^2(9^) + ||F||L2(f7) |. 


By letting w = uq + (fs this gives (19.11) . 

Lemma 9.2. Let e < r < 1. Let G 7L^(772r; M'^) be a weak solution of C^{u^) 
D 2 r with du^/diz^ = g on /S. 2 r- Then there exists w G such that Co{w) 

Dr, dw/duQ = g on Ar, and 



□ 

F in 
F in 


(9.2) 


where C depends only on d, Ki, K 2 , and M. 


Proof. By rescaling we may assume r = 1. As in the case of Dirichlet conditions in Lemma 
18.21 the desired estimate follows from Lemma 19.11 by using the co-area formula and the 
following Cacciopoli’s inequality 


[ \Vu,\^<c\[ K\^+[ |Fr + ||^7||i.(A,)|, (9.3) 

J D3/2 L D2 D2 ) 

where CeiNe) = F in D 2 and du^/di'^ = on A 2 . □ 

Lemma 9.3. Let w be a solution of Co{w) = F in Dr with dw/duo = g on Ar. For 
0 < t < r, define 


I{t] w) = - inf 

t \Jd 


1/2 

w — Mx — q\'^] + ( ■/■ |.^| 


Dt 


i/p 


(9.4) 


d 


+ t\\ — (w - Mx) 

" dUr ^ ^ 


d 


R°°(At) 


+ II ~ I 

I I Ijy \ 2 I 


CO.-(At) f’ 
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where p > d and a G (0,0;). Then there exists 6 G (0,1/4), depending only on d, p, Ki, 
K 2 , o, a and M, such that 

I{6r]w) < (l/2)J(r;w). (9.5) 

Proof. By rescaling we may assume r = 1. The lemma then follows from the boundary 
estimates with Neumann boundary conditions in (7^’“ domains for elasticity systems 
with constant coefficients. □ 


Lemma 9.4. Let 0 < £ < 1/2. Let be a solution of C^{u^) = F in Di with du^/di'^ = g 
on Ai, where F G LP{Di]W^) for some p > d and g G C°'(Ai;M^) for some a G (0,a). 
Define 


J{r) = - inf 

r I \JDr 

ijGR'* 


1/2 


u,-Mx-qf] +rUf |F| 


Dr 


lip 


(9.6) 


d 


+ r\\g- —{Mx) 


d 


\L°^{Ar) 


+ Wd ~ - (Mx) 

" duf) ^ ' 


I CO.-(A,) f’ 


and 


4/(r) = - inf < (-f 

r gGR^ [ 


\Ue - q\ 


1/2 




D2r 


1/p 


Then 


/e:\V2 

J(0r) < (1/2) J(r) + C T(2r), 

for any r G [e, 1/2], where 9 E (0,1/4) is given by Lemma fOl 

Proof. Fix r G [£,1/2]. Let w be the function in given by Lemma [9.21 Then 


+ ll5'IU°°(A2r) f • (^-V 


(9.8) 


J(9r) < I{9r; w) + 


6r 


Do 


1/2 


< (l/2)J(r; w) + 


6r 


Dor 


1/2 


c 


< (1/2) J(r)+ — f \ue-w 


Dr 


1/2 


where we have used Lemma 19.31 for the second inequality. In view of Lemma 19.21 this 
gives 


.L{9r) < (1/2) J(r) + - 




D2r 


1/2 


_j_ 


D2r 


1/p 


+ ll5'l|L°°(A2r) f ) 


from which the estimate fl9.8l) follows, as the function J(r) is invariant if we replace Ue by 
Ue — q for any q G □ 
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Proof of Theorem II.5L With Lemma 19.41 at our disposal, Theorem 11.51 follows from 
Lemma 18.51 as in the case of Dirichlet boundary conditions. We omit the details. □ 

As we indicate in the Introduction, under additional smoothness conditions, the full 
Lipschitz estimates, uniform in e, follow from Theorem 11.41 Theorem 11.51 and local Lips- 
chitz estimates by a blow-up argument. 

Corollary 9.5. Suppose that A satisfies U.^) - I[T7^) . Also assume that A is Holder con¬ 
tinuous. Let e 1); M'^) he a weak solution of Cfiufi) = F in 5(0,1), where 

F G LP(5(0,1); M'^) for some p > d. Then 

II Vm£||loo(b(o4/2)) < Cp^\\Ue\\L‘^{B{0p)) + ||-^|| Lp(B(0,1)) |, (9-9) 

where Cp depends only on d, p and A. 

Corollary 9.6. Suppose that A satisfies U.2\) - nT3) . Also assume that A is Holder con¬ 
tinuous. Let Ue G H^{Di]W^) he a weak solution of C{ufi) = F in Di with = f on Ai, 
where the defining function in Di and Ai is with || V'0||c“(R‘*-i) A M for some 
a > 0. Then 

||V-U£||z,°°(Di/2) < C'|||w||l2(Di) + II-^IUp(Di) + ||/||ci.-(Ai)|, (9.10) 

where p > d, a E (0, a), and C depends only on d, p, a, A, a and M. 

Corollary 9.7. Suppose that A, Di and Ai satisfy the same conditions as in Corollary 
\9.(k Let Us G H^{Di]Mfi) he a weak solution of C{us) = F in Di with ^ = g on Ai. 
Then 

IIV-Uelliocp^^^) < C'|l|w|li,2(Oi) + \\F\\lp{Di) + ||5'l|c-(Ai)|, (9T1) 

where p > d, a E (0, a), and C depends only on d, p, a, A, a and M. 

As we mentioned in Introduction, for Cs with coefficients satisfying fll.lip . fll.Op and 
the Holder continuity condition, estimates fl9.9p and fl9.10p were proved in |5], while fl9.1ip 
was established in [2H1E]. 
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